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Knowledge  of the strength  and  deformability  of fractured  rocks  is  important  for  design,  construction  and
stability  evaluation  of slopes,  foundations  and  underground  excavations  in  civil  and  mining  engineering.
However,  laboratory  tests  of  intact  rock  samples  cannot  provide  information  about  the  strength  and
deformation  behaviors  of  fractured  rock  masses  that  include  many  fractures  of varying  sizes,  orientations
and  locations.  On  the  other  hand,  large-scale  in situ tests  of  fractured  rock  masses  are  economically  costly
and  often  not  practical  in  reality  at present.  Therefore,  numerical  modeling  becomes  necessary.  Numerical
predicting  using  discrete  element  methods  (DEM)  is  a suitable  approach  for such  modeling  because  of  their
advantages  of  explicit  representations  of  both  fractures  system  geometry  and  their  constitutive  behaviors
of fractures,  besides  that  of intact  rock  matrix.  In this  study,  to generically  determine  the  compressive
strength  of fractured  rock  masses,  a series  of numerical  experiments  were  performed  on two-dimensional
discrete  fracture  network  models  based  on  the  realistic  geometrical  and  mechanical  data  of  fracture
systems  from  ﬁeld  mapping.  We  used  the UDEC  code  and  a numerical  servo-controlled  program  for
controlling  the  progressive  compressive  loading  process  to avoid  sudden  violent  failure  of the  models.
The  two loading  conditions  applied  are  similar  to the  standard  laboratory  testing  for intact  rock samples
in  order  to  check  possible  differences  caused  by such  loading  conditions.  Numerical  results  show  that
the  strength  of  fractured  rocks  increases  with  the  increasing  conﬁning  pressure,  and  that  deformation
behavior  of  fractured  rocks  follows  elasto-plastic  model  with a trend  of  strain  hardening.  The stresses  and
strains obtained  from  these  numerical  experiments  were  used  to ﬁt the  well-known  Mohr-Coulomb  (M-
C) and  Hoek-Brown  (H-B)  failure  criteria,  represented  by  equivalent  material  properties  deﬁning  these
two  criteria.  The  results  show  that  both  criteria  can  provide  fair estimates  of the  compressive  strengths
for  all  tested  numerical  models.  Parameters  of  the  elastic  deformability  of  fractured  models  during elastic
deformation  stages  were  also  evaluated,  and  represented  as  equivalent  Young’s  modulus  and  Poisson’s
ratio  as  functions  of lateral  conﬁning  pressure.  It is  the  ﬁrst  time  that  such  systematic  numerical  predicting
for  strength  of fractured  rocks  was performed  considering  different  loading  conditions,  with  important
ﬁndings  for different  behaviors  of fractured  rock  masses,  compared  with  testing intact  rock  samples  under
similar  loading  conditions.
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p. Introduction
As is well known, natural rock masses consist of intact rock
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heared zones, and faults. The presences of various discontinuities,
he inherent complexity of their geometrical parameters, and the
ifﬁculties for estimation of their geomechanical and geometrical
roperties, make it difﬁcult to measure directly mechanical prop-
rties of fractured rocks under ordinary laboratory conditions. The
ain reasons for such difﬁculties are: (1) the need for testing frac-
ured rocks of large volumes of hundreds of cubic meters, equal to
r larger than their representative elementary volume (REV); and
2) the fracture system geometry remains unknown before testing.
learly laboratory tests are not practical and different techniques
re needed for reliable predictions.
Over the years, various attempts have been made to study the
trength and deformability of fractured rock masses. Currently,
ethods available for estimating the strength and deformability
f fractured rock masses fall into two  broad categories, namely
irect and indirect methods. Direct methods are the experimental
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ethods in laboratory or in situ tests. Important laboratory tests
n intact rock samples have been conducted and comprehensively
eported in the literature. However, laboratory tests of intact rock
amples cannot provide information of strength and deformation
ehaviors of fractured rocks, due to the existence of fractures of
arying sizes, orientations and locations at larger scales. To obtain
ealistic results for strength and deformation behaviors of frac-
ured rocks, large volumes of rock containing fractures should
e tested at desired stress levels, which is almost impossible to
e carried out in conventional laboratory facilities today, but is
ossible by using direct in situ ﬁeld tests. However, in situ ﬁeld
ests are usually very difﬁcult to control the initial and boundary
loading) conditions and are time-consuming, and economically
ostly.
Indirect methods commonly include empirical, analytical and
umerical methods. Each of these methods has its own limitations
nd advantages.
One of the popular and simple indirect methods for estimat-
ng strength and deformability of fractured rocks is the empirical
ethods using the rock mass classiﬁcation systems such as RQD,
MR, and Q-system, which are based on the engineering expe-
iences obtained from the past projects. In this approach, rock
ass properties are linked to a representative rock mass clas-
iﬁcation index that reﬂects the overall rock mass quality. The
ain shortcoming of this approach is that it lacks a proper
athematical platform to establish constitutive models and the
ssociated properties of the fractured rocks, so that the second law
f thermodynamics should not be violated, since complex prop-
rties of a rock mass cannot be satisfactorily represented in this
ethod for establishing constitutive models and their associated
roperties concerned quantitatively with a proper mathematical
ogic.
Analytical methods are very useful in geomechanics because
hey provide results that can highlight impacts of the most impor-
ant issues or variables that determine the solution of a problem.
nalytical methods attempt to calculate strength and deformabil-
ty of fractured rocks from the strength and deformation properties
f the discontinuities and of the intact rock matrix, but are applica-
le only with simple and regular fracture system geometry. These
imitations make this approach impossible for fractured rocks con-
aining complex fracture systems.
Numerical methods can be used to calculate strength and
eformability of fractured rocks with more ﬂexibility, by represent-
ng different mechanical and geometric features of the fractures
nd the intact rock matrices. With almost daily improvements of
fﬁciencies of numerical solution methods and increase of comput-
ng power, numerical modeling methods have been developed to
stimate the strength and deformability of fractured rocks by using
arious discrete and continuum modeling methods. The FEM (ﬁnite
lement method) is the most widely applied numerical method for
ock engineering problems (Pouya and Ghoreychi, 2001; Sitharam,
009), besides the DEM (discrete element method). Since the FEM
odels are based on an overall continuum material assumption,
ffective and reliable considerations of effects of a large number
f fractures of different sizes, orientations and behaviors are still
ifﬁcult.
The DEM was introduced by Cundall (1971) and further devel-
ped by Cundall and co-workers (Lemos et al., 1985; Lorig et al.,
986; Cundall, 1988; Hart et al., 1988). A comprehensive presen-
ation of the DEM can be found in Jing and Stephansson (2007).
he method is a powerful technique to perform stress analyses
or blocky rock masses formed by fractures, since its advantage of
xplicit representations of both the fracture system geometry and
onstitutive behaviors of fractures and intact rock matrix. There-
ore, both deterministic and stochastic approaches can be applied
c
t
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or such evaluations. Since fracture systems in rock masses are geo-
etrically complex and largely hidden in subsurface without being
xposed, a large number of discrete fracture network realizations,
ased on the probabilistic distribution functions of geometrical
arameters, are needed as the geometric models for statistical
umerical modeling of fractured rocks (Priest, 1993). Some of
ecent publications using DEM were given by Park et al. (2006),
hristianson et al. (2006), Kim et al. (2007), Noel and Archambault
2007), Zhang et al. (2007), Cundall et al. (2008), Singh and Singh
2008), Esmaieli et al. (2010), Wu and Kulatilake (2012), and Khani
t al. (2013).
Min  and Jing (2003) developed a numerical modeling approach
f scientiﬁc originality for evaluating equivalent hydro-mechanical
roperties of fractured rocks, using DEM. However, for mechan-
cal properties, the study presented was limited to equivalent
lastic properties, not strength, of the fractured rock concerned.
aghbanan (2008) tried to attack this problem by adopting an
-C  type of equivalent behavior, but no journal publications
ppeared in the literature on this subject at that time. The
aper aims to solve this problem by extending the research
onsidering effects of different loading conditions that may  be
onsidered in future laboratory or ﬁeld testing of fractured rocks
f large volumes with realistic fracture system geometry. Since
ost of the civil and mining engineering projects are built in
r on rock masses, reliable estimation and good understanding
f the strength and deformability of fractured rocks remain as
 challenging issue for safe and economical design, construction
nd stability evaluation of slopes, foundations and underground
xcavations.
The ﬁrst aim of this research is to extend the original numerical
latform (e.g. Min  and Jing, 2003; Baghbanan, 2008) for predict-
ng strength and deformability of fractured crystalline rocks, in
 general sense, due to its ability for more realistic and complex
eometrical representation of fractured rocks. The second aim is
o test fractured rock behaviors with different loading conditions,
.e. under controlled axial load and axial velocity, in a similar
ay as testing intact rock samples in laboratories. The reason
s to understand any differences when testing large volumes of
ractured rocks with fracture and intact rock matrix of different
onstitutive behaviors, since such tests have not been performed
et.
There are several empirical failure criteria developed for repre-
enting strength of rock masses. The M-C  failure criterion and the
-B failure criterion (Hoek and Brown, 1980; Hoek, 1983; Hoek
t al., 1992, 2002) are the two  most commonly accepted failure
riteria in the international rock mechanics community, with the
-B criterion widely applied to hard rocks such as granites. The
hird aim is to see whether these two  popular failure criteria may
r may  not yield very different estimations of compressive strength,
sing the stress and strain results of numerical models of fractured
ock concerned.
The universal distinct element code, UDEC (Itasca Consulting
roup Inc., 2004), was used to perform numerical uniaxial and
iaxial compressive tests on fractured rock models containing a
arge number of fractures of varying sizes, created using stochas-
ic discrete fracture network (DFN) method and realistic fracture
ystem information. A few deterministic fracture system models
xtracted from randomly generated fracture system realizations
ere adopted, and statistical models using Monte Carlo simula-
ions with multiple fracture system realizations will be studied
t the next step, and the results will be published in due
ourse.
For simplicity, the term ‘fracture’ and ‘fractures’ are adopted as
he general term for all types of discontinuities of rocks such as
aults, joints, fracture zones, etc., unless speciﬁed separately.
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Fig. 2. A DEM model with size of 2 m × 2 m before (the upper) and after (the lower)
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wig. 1. Flowchart for a numerical stress–strain analysis processes in a fractured rock.
. Methodology
In this study, a systematic investigation was  conducted using
umerical experiments of typical laboratory compression tests to
etermine, generically, the compressive strength and deformation
arameters of the fractured rock, as equivalent properties at its
EV size. During loading on a numerical model of the fractured
ock concerned, both rock matrix and fractures will deform or be
isplaced, governed by the equations of motions of the rock blocks
nd constitutive models, material parameters for rock matrix and
ractures, and the initial and boundary conditions. Fig. 1 shows a
owchart used in this study for a numerical stress–strain analysis
rocess in a fractured rock.
.1. DFN model for numerical experiments
At the ﬁrst stage of this research, a few DFN models were gen-
rated to represent the fractured rock masses and after that, the
enerated geometry was used to create DEM model for the numer-
cal experiments using the UDEC code. It should be noted that it
s generally accepted that the sizes of DFN models must not be
ess than its REV of the models concerned. REV is deﬁned as the
inimum volume (or a range) beyond which the characteristics of
he domain remain basically constant. Therefore, when the sizes of
FN models are not less than their REVs, the equivalent properties
ill become scale-independent. Min  and Jing (2003) and Min  et al.
2004) conducted numerical studies to establish elastic compliance
ensor and permeability tensor for fractured rock masses, by inves-
igating the scale-dependent equivalent permeability of fractured
ock at the Sellaﬁeld site, Cumbria, England. Their results showed
hat an acceptable REV scale is above 5 m × 5 m for the fracture
ystems with constant apertures, for both elastic compliance ten-
or and permeability tensor of the concerned fractured rock as an
quivalent continuum.
In the investigation of strength and deformability of fractured
ock, the same ﬁeld data from Sellaﬁeld site, as reported in Min
nd Jing (2003), were used. Three square DEM models of fracture
ystems were generated with side length of 2 m × 2 m,  5 m × 5 m,
nd 10 m × 10 m,  respectively, as extracted from the center of an
riginal parent model of fracture system, based on the same frac-
ure system model data as was used in Min  and Jing (2003). The
5
c
5
ehe  fracture system regularization.
eometric parameters for generating fracture network realizations
ere based on the ﬁeld mapping results of a site characterization
t the Sellaﬁeld area, undertaken by the United Kingdom Nirex
imited. The basic information of the identiﬁed four sets of fractures
s shown in Table 1.
Then the DFN models were used to generate DEM models with
nternal discretization of ﬁnite difference elements, for stress-
eformation analyses. Before performing the analyses, the DFN
odels were regularized by deleting the isolated fractures and
ead-ends, so that the resultant fractures were all connected
nd each fracture contributes to form two  and just two oppos-
ng surfaces on two adjacent blocks. Fig. 2 shows a DEM model
f 2 m × 2 m in size before and after the fracture system reg-
lation as an example. The DEM model with size of 2 m × 2 m
as used only for demonstrating the different results obtained
hen model sizes are less than 5 m × 5 m,  and the DEM model
ith size of 10 m × 10 m was used to ensure the validity of the
 m × 5 m REV (see Section 3). The REV of the fractured rock
oncerned was  already established in Min  and Jing (2003) as m × 5 m so that there was no need for further study on scale
ffects.
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Table 1
Fracture parameters used for DFN generation (Min  and Jing, 2003).
Joint set Dip/dip direction (◦) Fisher constant (−) Fracture density (m−2) Mean trace length (m)
1 8/145 5.9
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.2. DEM model for numerical experiments
A number of general and important assumptions related to
he set-up of the DEM models about rock matrix and fractures,
s adopted in Min  and Jing (2003) and Baghbanan (2008), were
dopted in this study:
1) The numerical model was deﬁned in a two-dimensional (2D)
space for a generic study.
2) Simulations were performed under quasi-static plane strain
conditions for deformation and stress analyses, without consid-
ering effects of gravity.
3) Fractured rock was a hard rock mass, containing rock matrix
and fracture, without considering strain-softening.
4) Rock matrix was a linear, isotropic, homo-geneous, elastic, and
impermeable material.
5) The fractures follow an ideal elasto-plastic behavior of an M-C
model in the shear direction and a hyperbolic behavior (Bandis’
Law) in the normal direction.
6) The initial aperture of fractures (without stress) was a constant.
7) Coupled hydro-mechanical effects on the fractures were
neglected in the current study.
The above assumptions are based on measured data from site
nvestigations, and are necessary for a numerical prediction for
trength and deformability of fractured rocks, without attention
f application to site-speciﬁc case studies.
The basic information about the intact rock, the granite matrix,
nd mechanical properties of fractures that were used for model-
ng in UDEC is shown in Table 2. This information was  based on
he laboratory test results reported in Sellaﬁeld site investigation,
hich was used in Min  and Jing (2003).
.3. Modeling procedureIn this study, similar to the standard compression test of
mall intact rock samples in laboratory, a series of numerical
xperiments, namely uniaxial and biaxial compression tests, were
l
d
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(a) Uniaxial compression test.
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Fig. 3. Typical set-ups and boundary conditions for numerical experiments. (a) Se4.6 0.92
erformed, following the modeling procedure (see Fig. 1) on three
EM models of varying sizes to determine the strength and deform-
bility of fractured rocks.
The applied axial compressive stress loading condition was
imilar to that of the standard conﬁned compression tests on
xisymmetric intact rock samples, by varying conﬁning pressures
nd axial loads. Fig. 3 shows the typical physical set-up and bound-
ry conditions of uniaxial (Fig. 3a) and biaxial compression (Fig. 3b)
ests, respectively. For both uniaxial and biaxial compression tests,
he bottom of the DEM models was  ﬁxed in the y-direction and
n axial load (y) was  applied on the top of the DEM model. Vary-
ng conﬁning pressure (x) was  applied laterally on the two  vertical
oundary surfaces of the model, as in the biaxial compression tests.
or the uniaxial compression tests, the two vertical sides of the DEM
odel were kept as free surfaces. The DEM models were loaded
equentially with a constant and very small axial load increment
y), equal to 0.05 MPa, in every loading step of calculation in the
ertical direction, the same as a conventional uniaxial or triaxial
oading tests on intact rock samples.
The axial stress loading process was controlled by a velocity
onitoring scheme during simulation. The velocities (in the both
- and y-directions) at a number of carefully speciﬁed monitoring
oints were checked to ensure that they become zero or very close
o zero at the end of every loading step so that a quasi-static state of
quilibrium of the model was  reached under the applied boundary
onditions, since the simulated tests should be quasi-static tests
or generating static behaviors of the models. Six parallel sampling
ines within each model were placed in both x- and y-directions,
ith the same distance in between. Therefore, thirty-six points
ere deﬁned at intersections of the horizontal and vertical moni-
oring lines. These points plus one point at the center of the DEM
odel were the monitoring points in this study. Fig. 4 shows a DEM
odel with a size of 10 m × 10 m and positions of monitoring points
nto the DEM model for using velocity monitoring technique during
oading compression tests.
Vertical and horizontal velocities (in y-velocity and x-
irections), vertical and horizontal displacements (y- and x-
isplacements), normal and shear stresses (yy, xx and xy) were
(b) Biaxial compression test with confining pressure.
xx
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Axial pressure
Co
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t-up for uniaxial compression tests, (b) set-up for biaxial compression tests.
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Table  2
Mechanical properties of intact rock and fractures (Min  and Jing, 2003).
Rock Density (kg/m3) Young’ s modulus, E (GPa) Poisson’ s ratio,  Uniaxial compressive
strength, UCS (MPa)
2500 84.6 0.24 157
Fracture Joint shear Joint friction angle,
◦
Joint dilation angle,
◦
Joint cohesion, c
a)
Aperture for zero Residual aperture Shear displacement
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mstiffness, Ks
(GPa/m)
ϕ  ( ) ϕd ( ) (MP
434 24.9 5 0 
onitored at all monitoring points at each loading step during the
niaxial and biaxial compression tests. The mean values of normal
tresses and strains in the x- and y-directions were calculated at
he end of each loading step. The average stresses and strains were
omputed by taking the average values obtained from the monitor-
ng points by using the FISH algorithm, the programming language
mbedded within the UDEC code.
Fig. 5 shows curves of velocity versus time in x- and y-directions
t 6 selected monitoring points located on two horizontal and ver-
ical lines within a DEM model during a few loading compression
ests. It can be observed that values of velocities at the deﬁned mon-
toring points (in the both x- and y-directions) became very close
o zero at the end of every loading step. Using the same velocity
onitoring grid, the deformation and stress of each DEM model
ere evaluated in order to calculate the average stress and strain
ig. 4. DEM model with size of 10 m × 10 m and position of monitoring points into
odel. (a) Fracture system model after regularization, (b) locations and numbering
f  the monitoring points.
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alues of the tested model, which were then used to evaluate the
quivalent strength and deformability parameters when different
trength criteria were adopted.
In order to keep a servo-controlled loading condition, a new
ISH program was developed and inserted in the UDEC model to
imulate a standard servo-controlled test similar to the standard
ervo-controlled tests of small intact rock samples in laboratory,
o minimize the inﬂuence of inertial effects on the response of
he model, by setting the upper and lower limits for unbalanced
orces. Cyclic loading rate was  kept in a range of maximum and
inimum unbalanced forces in UDEC program to avoid sudden
violent) failure of the DEM models during cycles of uniaxial and
iaxial compression tests.
It should be noted that the equivalent strength and deformabil-
ty of the fractured rock, as an equivalent continuum, were the
oncern of research, not the complete constitutive model of the
ractured rock as an equivalent continuum under any stress paths.
herefore, the loading needs to be stopped when the peak strength
f the model was  reached, without model collapse or appearance
f very large shear displacements along the fractures or large block
otion, which will make the equivalent continuum assumption of
he fractured rock invalid, and the homogenization (averaging) for
quivalent parameter evaluation could not be applied.
. Stress–strain behaviors of the fractured rock under
ompression
.1. Stress–strain behavior of fractured rock under axial stress
oading condition
Fig. 6 shows the results of stress–strain behaviors of the frac-
ured rock mass models under uniaxial compression tests without
onﬁning pressure, as the curves of axial stresses versus axial
trains for DEM models with varying sizes. Figs. 7–9 show the
umerical test results with different conﬁning pressures of 0.5 MPa,
 MPa, 1.5 MPa, 2 MPa, 2.5 MPa  and 3 MPa, respectively, as the
urves of axial stresses versus axial strains in the DEM models with
izes of 2 m × 2 m,  5 m × 5 m and 10 m × 10 m,  respectively. These
urves were used to evaluate strength behaviors of the fractured
ocks after the models reached their peak strengths.
It can be seen from Figs. 7–9 that the DEM models deform
inearly and elastically at axial stresses below the yield strength,
epending on the conﬁning pressure. Further compression leads to
nelastic deformation up to the peak strength. With increase of con-
ning pressure, the strength of the DEM models increases and the
tress–strain curves follow an elasto-plastic behavior with a strain
ardening trend. Also, behaviors of the DEM models change with
ncrease in the model size, but the change becomes insigniﬁcant
etween models of size of 5 m × 5 m and 10 m × 10 m.  Therefore,
he model of the established REV size of 5 m × 5 m is adequate for
valuating the equivalent strength and deformability of fractured
ock concerned.
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Fig. 5. Curves of velocity versus time in x- and y-directions at the six monitoring points. The numbers of the monitoring points and their locations in the 10 m × 10 m are
shown  in Fig. 4b.
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Fig. 7. Axial stress versus axial strain curves for DEM model with size of 2 m × 2 m under different conﬁning pressures.
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Fig. 8. Axial stress versus axial strain curves for DEM model with size of 5 m × 5 m under different conﬁning pressures.
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Fig. 9. Axial stress versus axial strain curves for DEM model with size of 10 m × 10 m under different conﬁning pressures.
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Fig. 10. Axial stress versus axial strain curves for DEM model with size of 5 m × 5 m under different conﬁning pressures, with constant velocity condition at the top surface.
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Fig. 11. Axial stress versus axial strain curves for DEM model with size length of 10 m × 10 m under different conﬁning pressures, with constant velocity condition at the
top  surface.
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Fig. 12. Comparison of axial stress versus axial strain curves for DEM model with size of 5 m × 5 m under different conﬁning pressures, between using constant normal
velocity  loading condition (solid lines) and the constant normal stress loading condition (dash lines).
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sig. 13. Comparison of axial stress versus axial strain curves for DEM model with 
ormal velocity loading condition (solid lines) and the constant normal stress loadi
.2. Effect of loading conditions on stress–strain behaviors of
ractured rock mass
Besides the axial compressive stress loading condition, another
ommon and popular method for numerical experiments is the
onstant velocity boundary condition. In this context, for study-
ng the effect of different axial loading conditions on stress–strain
ehaviors of fractured rock masses, numerical experiments were
i
b
sngth of 10 m × 10 m under different conﬁning pressures, between using constant
dition (dash lines).
lso performed by applying a constant velocity in the y-direction
t the top boundary of the models. The downward velocity loading
onditions applied were similar to the previously mentioned axial
tress boundary condition. The bottom of the DEM model was ﬁxed
n the y-direction and the numerical experiments were performed
y varying the conﬁning pressure.
Figs. 10–11 show the results of average axial stress versus axial
train curves with different conﬁning pressures of 0.5 MPa, 1 MPa,
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cig. 14. Normal stress versus shear displacement curves of direct shear tests of rock
ractures under different system stiffness (Skinas et al., 1990).
.5 MPa, 2 MPa, 2.5 MPa  and 3 MPa, with a constant velocity bound-
ry condition, for two DEM models of 5 m × 5 m and 10 m × 10 m,
espectively. Figs. 12–13 compare the obtained stress–strain curves
sing the constant velocity boundary condition (solid line) and the
xial stress boundary condition (dash line) with different conﬁning
ressures.
Numerical results show a higher average axial stress under con-
tant velocity test condition than that under constant axial stress
ondition. The main reason is that the higher normal stress of
ractures were induced during shear under constant velocity con-
itions, due to the 5◦ dilation angle (see Table 2), a phenomenon
bserved in many shear tests of rock joints under constant strain
onditions that are equivalent to the constant velocity condition as
pplied in this paper, and reported widely in the literature (Fig. 14).
he amount of difference is decided by the values of dilation angle.
inor difference may  occur when the dilation angle is very small.
here may  be other reasons, such as block interlocking and stress
oncentration at fracture intersections, which may  also contribute
o such differences locally, but play a less important role compared
ith shear dilation effects on normal stress of fractures.
. Strength of fractured rock
The M-C  and H-B failure criteria were selected to be ﬁtted for
epresenting the equivalent strength of the fractured rock con-
erned, due to their wide acceptance in the international rock
echanics community.
.1. The failure criteria
The M-C  failure criterion is an empirical linear failure crite-
ion that has been adopted for different rocks and soils. It can be
xpressed in a functional relation as
max = c + n tan ϕ (1)
here max is the shear strength, n is the normal stress, c is the
ohesion, and ϕ is the internal friction angel. This criterion can be
xpressed in terms of principal stresses as
1 =
2c cos ϕ
1 − sin ϕ +
1 + sin ϕ
1 − sin ϕ 3 (2)
1
ig. 15. Strength curves for DEM models in the normalized principal stress space.
a) With model size of 5 m × 5 m,  (b) with model size of 10 m × 10 m.
here 1 is the major principal stress at failure or elastic strength,
nd 3 is the minor principal stress or conﬁning pressure.
The M-C  failure criterion can be applied for both intact rocks
nd rock masses, with the parameter c and ϕ changes represent-
ng effects of fracture and intact rock properties on the overall
quivalent strength of the fractured rock mass concerned.
The H-B failure criterion is an empirical nonlinear failure crite-
ion that is proposed for failure of intact rocks and rock masses. It
an be expressed in terms of principal stresses (Hoek and Brown,
980) as
1 = 3 + ci
(
m
3
ci
+ s
)0.5
(3)
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here ci is the uniaxial compressive strength of the intact rock;
 and s are the material constants, where s = 1 for intact rocks.
The strength parameters of cohesion (c) and internal friction
ngle (ϕ) of M-C  criterion, and the m and s for H-B criterion
ere used for ﬁtting the two respective strength criteria curves
s deﬁned by Eqs. (2) and (3), with results obtained from models
sing constant axial stress conditions.
.2. Strength curve ﬁtting with M-C  and H-B criteria
The curve ﬁtting with M-C  and H-B failure criteria was illus-
rated in Fig. 15 for the DEM models of 5 m × 5 m and 10 m × 10 m
n size, under different conﬁning pressures. Both the M-C and H-B
trength envelops made acceptable ﬁtting to the numerical data,
ith insigniﬁcant difference between them, despite the fact that
he M-C  criterion is a linear and H-B criterion is a nonlinear one.
he data used for generating these curves are obtained from the
ormal stress conditions.
The equivalent material parameters for the two criteria, derived
rom the ﬁtting to the strength criteria, are given in Table 3. The
esults clearly show that the differences between strength parame-
er values of DEM models are basically minor between model sizes
f 5 m × 5 m and 10 m × 10 m.  The difference between the corre-
ation coefﬁcient root values (R) of two failure envelops is also
nsigniﬁcant.
.3. Estimation of deformability parameters of the fractured rock
oncerned
In addition of the estimated strength envelops, the deform-
bility parameters of fractured rock concerned, as the equivalent
oung’s modulus and Poisson’s ratio, using the DEM models
f different sizes and under different conﬁning pressures, were
alculated, as illustrated in Figs. 16 and 17, respectively. The
oung’s modulus was calculated as the averaged local slope of the
tress–strain curves of the DEM models during the stage of elas-
ic deformation, and the Poisson’s ratio was calculated as the ratio
f the mean transverse strain to the mean axial strain of the DEM
odels. The data used for generating these curves are obtained
rom the normal stress conditions.
As we can see from Fig. 16, the Young’s modulus of the frac-
ured rock increases gradually with increase of conﬁning pressure,
ut the effect of DEM model sizes is not very signiﬁcant. Fig. 17
hows that the Poisson’s ratio of the fractured rock decreases grad-
ally with increase of conﬁning pressure and size of DEM models.
enerally, the magnitude of Young’s modulus for fractured rocks
s less than the Young’s modulus for intact rock (Fig. 16), but the
agnitude of Poisson’s ratio for fractured rocks is much larger than
hat for intact rock (Fig. 17). The general trends of the curves are the
ame and converge when the conﬁning pressure reaches 3.0 MPa,
ut with a considerable difference between the two models of dif-
erent sizes after the conﬁning pressure is larger than 1.5 MPa. The
btained results of larger Poisson’s ratio indicated that fractures
ffected the deformability of the rock mass much more signiﬁcantly
hat of strength, so that care should be taken when developing
onstitutive models of fractured rocks as equivalent continua.
. Discussions and conclusions
A systematic 2D numerical procedure to predict strength behav-
or and deformability parameters of fractured rocks, by using the
EM, was developed in this study for the ﬁrst time, as an exten-
ion to the research performed in Min  and Jing (2003) and in
aghbanan (2008). 2D numerical experiments were performed on
hree geometric models of a fractured rock with varying sizes andGeotechnical Engineering 5 (2013) 419–430 429
ith realistic fracture system geometry data from an in situ frac-
ure mapping. Results obtained from these numerical experiments
ere used to ﬁt the M-C  and H-B failure criteria, and to calculate
he deformability parameters, the Young’s modulus and Poisson’s
atio, respectively. It is noted that, due to the lack of measured data
upport from laboratory or in situ experiments of testing volumes
ot less than the REV sizes of the granite rocks at the Sellaﬁeld
ite, this study has been performed in a generic form in nature and
he results have only conceptual values. The main conclusions are
ummarized as follows:
1) The DFN-DEM is a suitable and ﬂexible numerical approach to
predict the behaviors and properties of fractured rocks that can-
not be obtained by conventional laboratory tests using small
intact rock samples. This method provides an important exten-
sion to the comprehensive modeling procedure as developed
in Min  and Jing (2003) and Baghbanan (2008), compared with
empirical models of rock mass classiﬁcation or analytical solu-
tions considering only regular system geometry, despite the
fact that the procedure requires much more computing time
compared with that used by the empirical and analytical meth-
ods.
2) The axial stress loading condition with servo-controlled
constant axial strain loading condition generated different
stress–strain behaviors from that under constant normal stress
loading conditions, with the same testing model geometry
and size, due to the fact that the effect of shear dilation
induced increase of normal stresses of fractured under shear-
ing. Whether such difference may  also be caused by the effects
of stress concentration at fracture intersections or block rota-
tions remains an important issue for further investigations.
3) The results show that the model size (or scale) has a sig-
niﬁcant inﬂuence on the strength and deformation behaviors
of fractured rocks if the model size is less that the properly
derived REV size of the rock concerned. In this paper, the
strength of fractured rocks decreases slightly with the model
size up to the established REV size, after that the changes
become insigniﬁcant. Also, deformability parameters of frac-
tured rocks, including the Young’s modulus and Poisson’s ratio,
change signiﬁcantly with conﬁning pressures. These ﬁndings,
rarely reported in the literature, have signiﬁcant impact on
developing constitutive models of fractured rocks as equiva-
lent continua, since the REV size, strength and deformability
parameters are the three issues that must be readily understood
for constitutive model development for fractured rocks whose
properties have signiﬁcant dependence on understanding of
stress and size effect.
4) The results show that the strength and deformation behaviors
of fractured rocks are nonlinear over the concerned range of
stress and are also dependent upon conﬁning pressure. With
increase of conﬁning pressure, the strength of fractured rocks
increases and deformation behavior of fractured rocks fol-
lows an elasto-plastic model with a strain hardening trend.
The results show that the testing volume, loading conditions
(both axial stress and velocity loading conditions) and ade-
quate quantitative knowledge on fracture system geometry
and their mechanical behaviors play a signiﬁcant role for
designing future physical tests for estimating the strength and
deformability of fractured rocks, very different and much more
challenging compared with testing intact rock samples. The
mechanical behavior of the individual fractures plays a sig-
niﬁcant role in understanding the strength and deformability
of fractured rocks, besides the fracture system geometry, as
demonstrated by the effect of dilation angle of the research.
4 s and 
(
(
m
l
g
a
m
s
a
(
(
(
(
(
(
R
B
C
C
C
C
E
H
H
H
H
H
I
J
K
K
L
L
M
M
N
P
P
P
S
S
S
W30 M.N. Bidgoli et al. / Journal of Rock Mechanic
5) Our model did not show strain-softening, except in one case
for a model less than REV size (2 m × 2 m)  at an early stage of
loading (Fig. 6), since we need to stop loading when the peak
strength of the model was reached in order to maintain a phys-
ical basis of equivalent continuum assumption of the rock mass
concerned. Strain softening may  occur with continued loading.
6) Both the M-C  and H-B criteria give a fair estimate of the com-
pressive strength of the rock concerned for almost all cases
tested in this study. On the other hand, the H-B criterion is
in essence a nonlinear failure envelope and is more ﬂexible
for modeling different fracture system geometries and stress
conditions.
The scientiﬁc originality of this paper is its extension of the
athematical platform established in Min  and Jing (2003) for
ogical representation of complex and realistic fracture system
eometry, from in situ fracture mapping, for estimating strength
nd deformability of fractured rocks. Similar early research used
ore regular or much simpliﬁed fracture systems, and the effects of
uch simpliﬁcations cannot be properly estimated. However, there
re some outstanding issues that remain to be addressed in future.
1) The study presented is based on an assumption that the ini-
tial aperture of fractures is a constant. So, more modeling is
needed to perform numerical experiments when initial aper-
ture of fractures is not constant but correlated to fracture size.
2) In this research, the models have not shown strain-softening,
but it may  occur after continued loading or change of fracture
system or shape and geometry of the testing volume. By contin-
ued loading, strain-softening may  occur, but it is not required
at this stage of the research, since deriving a meso-scale com-
prehensive constitutive model of the fractured rocks is a future
work. However, the subject is new, ﬁrst tested by numerical
modeling in this research, and needs continued investigations.
3) Partial cracking and complete crushing of rock blocks during
loading processes were not considered. This issue may  affect
evaluating the equivalent strength and deformability of frac-
tured rocks to a certain extent, but may  not be an important
factor since the dominating factor for strength and deformation
of the fractured rocks is the displacements of fractures, which is
the main mechanism of the energy dissipation according to the
ﬁrst principle of energy minimization. In addition, this simplify-
ing assumption was needed by the current version of the UDEC
code that does not have the ability to consider block cracking,
and this is an issue for future work.
4) Coupled hydro-mechanical effects on the fractures were
neglected for evaluation of strength and deformation behav-
iors of fractured rocks at this stage of research. Further studies
are needed to study water pressure effects on strength and
deformation behaviors of fractured rocks.
5) Stochastic analysis using multi-fracture system realizations
needs to be performed for a more comprehensive under-
standing of the uncertainty of the predicting of fractured rock
behaviors.
6) 3D investigations are necessary to eliminate the limitations
caused by the assumption of 2D space under plane strain load-
ing conditions.eferences
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